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^ I Abstract. We associate determinant lines to objects of the extended abelian category 

built out of a von Neumann category with a trace. Using this we suggest constructions 
of the combinatorial and the analytic L^ torsions which, unlike the work of the previous 
authors, requires no additional assumptions; in particular we do not impose the determi- 
nant class condition. The resulting torsions are elements of the determinant line of the 
^ J ' extended L^ cohomology. Under the determinant class assumption the L^ torsions of this 

^^ , paper specialize to the invariants studied in our previous work 0. Applying a recent the- 

orem of D. Burghelea, L. Friedlander and T. Kappeler we obtain a Cheeger - Miiller 
type theorem stating the equality between the combinatorial and the analytic L^ torsions. 
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1. Introduction 

^ ' 
^Nq I M. Atiyah ^ was the first who used the concept of von Neumann dimension in algebraic 

CN ■ topology. He applied this notion to measure the size of the space of harmonic forms on the 

CN 

^. 

^^ , invariants which are now known as the Novikov - Shubin invariants. These invariants 



o 
B 



universal cover. Later S. Novikov and M. Shubin [BDj suggested more sophisticated spectral 



measure the size of the space of the forms on the universal cover which are only "nearly" 
harmonic. Gromov and Shubin ^^ proved the homotopy invariance of the Novikov - Shubin 
invariants. 

Around 1986 Novikov and Shubin proposed to study L^ torsion as a von Neumann ana- 
logue of the classical Reidemeister torsion. A detailed treatment of the theory of L^-torsion 
was first done in 1992 by A. Carey, V. Mathai and J. Lott, see j7j, j^, j2Uj . In these 
/\^ • papers the L^ torsion is a positive real number which is defined under the assumption that, 

j^ ■ firstly, the von Neumann Betti numbers vanish and, secondly, certain "determinant class 

condition" is satisfied. The latter condition can be expressed in term of the spectral density 
function of the Laplacian; it is satisfied if the Novikov - Shubin invariants are positive. 

Paper [Hj showed how one may modify the construction of the L^ torsion so that the first 
of the above mentioned assumptions (the vanishing of the reduced L^ cohomology) becomes 
superfluous. Namely, it was shown in jHj that one may naturally associate determinant lines 
to finitely generated Hilbertian modules over von Neumann algebras. Nonzero elements of 
these determinant lines are volume forms on Hilbertian modules. The L^ torsion is then 
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defined in [0] as an element of the determinant line of the reduced L^ cohomology. However, 
the determinant class assumption was still present in ^. 

Let us mention here a standing conjecture (raised by V. Mathai and J. Lott) that the 
Novikov - Shubin invariants are always positive for the special case of the regular repre- 
sentation TT — > ^^(vr) of the fundamental group vr of a compact polyhedron. At present this 
conjecture remains open. However, in the more general setting of Hilbertian representa- 
tions which we study in this paper, the determinant class condition may be easily violated 
(even when the underlying manifold is the circle). Therefore removing the determinant 
class assumption seems to be important for the theory of L?' torsion. 

The main goal of this paper is to define the L? torsion without requiring the determinant 
class condition. It turns out that the LP' torsion (both combinatorial and analytic) is well 
defined as an element of the determinant line associated to the extended Lp cohomology. 
We also prove here the Cheeger - Miiller type theorem stating coincidence between the 
combinatorial and the analytic torsions. 

The notion of the extended Lp cohomology was first introduced by M. Farber in |llj . 
J12j . The main idea was to embed the category of Hilbertian representation into an abelian 
category and to view the cohomology of the chain complex of Lp chains of Atiyah ^ as an 
object of the extended abelian category. The work ^^, J2] was inspired by the general 
categorical study of P. Freyd J16j . The approach of ^J| , J12j compared with the notion of the 
reduced cohomology gives a bigger homological object: the extended cohomology contains 
the reduced cohomology and carries the information about the von Neumann Betti numbers; 
it also determines the Novikov - Shubin invariants and some other new invariants, see |14j . 
The great advantage of the extended cohomology is that it allows to use the well-developed 
formalism of abelian categories to compute the LP cohomology. An algebraic analogue of 
the extended cohomology theory of |^ , jJH was later suggested by W. Liick [^ . 

The present paper gives an additional reason to believe that the extended cohomology, 
allowing to unify the theory of Lp torsion, is the right object to study. We show how to 
associate a determinant line det X with any object X = {a : A' ^^ A) oi the extended 
category. If a is injective, an element of det X can be represented as a ratio 

^ ' ^ G det A:" 



(,) 



where ( , ) and ( , ) i are admissible scalar products on A and A' respectively. The determi- 
nant line det X is the tensor product of the determinant lines associated to the projective 
and torsion parts of X. We show in this paper that determinant line of some torsion objects 
(they are called r-trivial) can be canonically trivialized. Moreover, the determinant class 
condition means precisely that the torsion part of the extended cohomology is r-trivial. 
This fully explains the role of the determinant class assumption. 

Our proof of the Cheeger ~ Miiller type theorem stating the equality between the analytic 
and the combinatorial torsions is based on a recent theorem of D. Burghelea, L. Friedlander 
and T. Kappeler which uses the language of the relative torsion. 
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Since this paper is already quite long we decided to publish the discussion of examples 
and the applications elsewhere. 
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2. Hilbertian von Neumann categories and Fuglede-Kadison determinants 

This section contains preliminary material which will be used later in this paper. 

First we recall the notions of a von Neumann category and of a trace on a von Neu- 
mann category; here we follow papers |13lll5j . To understand the main constructions and 
results of the paper the reader may keep in mind the simplest and the most important 
for applications example of the category of Hilbertian modules over a von Neumann alge- 
bra, cf. Subsection 12.5.21 We recall also (following ^) how one uses a trace to define the 
Fuglede-Kadison determinant. 

2.1. Hilbertian spaces. Recall that a Hilbertian space (cf. [HJ) is a topological vector 
space H, which is isomorphic to a Hilbert space in the category of topological vector spaces. 
In other words, there exists a scalar product on H, such that H with this scalar product is 
a Hilbert space with the originally given topology. 

Scalar products with the above property are called admissible. Given one admissible 
scalar product ( , ) on H, any other admissible scalar product is given by 

{x,y)i = {Ax,y), x,y e H, 

where A : H ^> H is an invertible positive operator A* = A, yl > 0. 

Hilbertian spaces naturally appear as Sobolev spaces of sections of vector bundles, cf. 
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Let us denote by Hilb the category of Hilbertian spaces and continuous linear maps. 

If i/ is a Hilbertian space, H* will denote its conjugate, i.e. the space of all anti-linear 
continuous functionals on H (bounded M-linear maps (p : H ^ C, such that (j){\h) = X(f){h) 
for all A € C and h £ H; here the bar denotes the complex conjugation). We consider the 
action of C on H* given by (A ■ 4'){h) = 4>{X ■ h) for all h & H. The canonical isomorphism 

H -^ (H*)* = H** (2.1) 



is given by /i h-> ((/> i— > (f){h)), where h ^ H, and (j) G H* . 
The following definition was suggested in |15j . 

Definition 2.2. A Hilbertian von Neumann category is an additive subcategory C of Hilb 
with the following properties: 

(1) for any H G Ob(C) the dual space H* is also an object of C and there is a C- 
isomorphism (p : H ^ H* such that the formula 

{x,y) = <P{x){y), x,yeH (2.2) 

defines an admissible scalar product on H ; 

(2) for any H € Ob(C) the isomorphism (|2.1|) also belongs to C; 

(3) the adjoint of any morphism in C also belongs to C; 

(4) the kernel ker f = {x (^ H; f{x) = 0} of any morphism f : H ^ H' in C and the 
natural inclusion ker/ -^ H belong to C; 

(5) for any H, H' E Ob(C) the set of morphisms 

}iomc{H,H') C RomHUb{H,H') = C{H,H') 
is a linear subspace closed with respect to the weak topology. 

Thus, objects of C have structure of Hilbertian spaces and possibly some additional 
structure; morphisms of C are (faithfully) represented by bounded linear maps. 

Condition (5) is similar to the well-known condition in the definition of von Neumann 
algebras, which explains our term. 

Definition 2.3. Let H be an object of a Hilbertian von Neumann category C. An admissible 
scalar product on H is called C-admissible if it is given by the equation (|2.2|) for some 
(PGRoinc{H,H*). 

If ( , ) and ( , )i are two C-admissible scalar products then there exists an invertible 
positive operator A € }iorac{H,H) such that 

{v,w)i = {Av,w), for all v,w £ H. (2.3) 

Note also, that given any object H G Ob(C), a choice of a C-admissible scalar product on 
H determines an involution on the algebra Home (i?,i7) (adjoint operator) and the space 
Home {H, H) considered with this involution is a von Neumann algebra. 

The conditions (1) - (5) of Definition 12.21 implv the following properties: 
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(6) The closure of the image cl(im/) of any morphism f : H ^> H' in C and also the 
natural projection H' — > H' / clivca. f) belong to C. 

(7) Suppose that H' <Z H is a closed suhspace. If H' , H and the inclusion H' ^ H 
belong to C then the orthogonal complement H' with respect to a C- admissible 
scalar product on H and the inclusion H' -^ H belong to C. 

2.4. Finite von Neumann categories. The following definitions were suggested in |13j . 
An object H of a Hilbertian von Neumann category C is called finite if every injective 
morphism / G ]iom.c{H,H) has a dense image. A Hilbertian von Neumann category is 
called finite iff all its objects are finite. 

2.5. Examples of von Neumann categories. 

2.5.1. Hilbertian representations. The simplest and the most important example of a Hilber- 
tian von Neumann category is the following (see ^], §2.3). Let A be an algebra over C with 
involution, which on C coincides with the complex conjugation. A Hilbertian representation 
of A is a Hilbertian topological vector space H supplied with a left action A — > C{H,H) of 
A by continuous linear maps. A morphism f : H ^ H' between two Hilbertian represen- 
tations of A is defined as a bounded linear map commuting with the action of the algebra 
A. We denote the obtained category by C^. 

There is a canonical duality in the category of all Hilbertian representations of a given 
*-algebra A. Namely, given a Hilbertian representation H, consider the space H* of all anti- 
linear continuous functionals on H. Consider the following action of A on H*: if E H* 
and \ € A then (A • 4>){h) = 4>{\* ■ h) for all h ^ H. Here A* denotes the involution of A G .A. 
The canonical isomorphism 

H -^ H** 



is given hy h >-^ ((f) >-^ 4'{^))^ where h E H, and cf) G H* . Category of all Hilbertian 
representations of A is a von Neumann category. 

2.5.2. Hilbertian modules. Let now .A be a finite von Neumann algebra with a fixed finite, 
normal, and faithful trace t : A ^ C In this case there is an important subcategory of the 
category C^ (described in the previous section). 

Let * be the involution in A. By £'^{A) = ^r(^) we denote the completion of A with 
respect to the scalar product (a, 6) = T{b*a), for a,b € A, determined by the trace r. A 
(projective) Hilbertian A-module M is a Hilbertian representation of A such that there exists 
a continuous A.- linear embedding of M into i'^{A)®H, for some Hilbert space H. Note that 
this embedding is not part of the structure. A Hilbertian module M is said to be finitely 
generated if it admits an embedding M -^ £'^{A) ® H as above with finite dimensional H. 

We denote by TCj^ the full subcategory of C_a, whose objects are Hilbertian A-modules. 
We denote by H^ the full subcategory of finitely generated modules in Ha- 

Note that the algebra Hom-?^^(M, M) coincides with the commutant B = Byx{M) of M. 



A notion of duality in a von Neumann category was studied in detail in |15|. 
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Ti._A_ is a von Neumann category; 7^-^ is a finite von Neumann category. 

2.5.3. Families of Hilbert spaces. Let Z be a locally compact Hausdorff space and let // 
be a positive Radon measure on Z. Let A denote the algebra L'^{Z,iJ,) (the space of 
essentially bounded /x-measurable complex valued functions on Z, in which two functions 
equal locally almost everywhere, are identical). The involution on A is given by the complex 
conjugation. We will construct a category C{Z, fi) of Hilbert representations of A as follows. 
The objects of C(Z, /i) are in one-to-one correspondence with the ^-measurable fields of 
finite-dimensional Hilbert spaces ^ -^ ^(0 o'^^^ (■^lA*)) cf. |TOl, part H, chapter 1. For 
any such measurable field of Hilbert spaces, the corresponding Hilbert space is the direct 
integral 

H = j no dm (2.4) 

defined as in ^0], part H, chapter 1. The algebra A acts on the Hilbert space 1)2. 4() by 
pointwise multiplication. 

Suppose that we have two //-measurable finite-dimensional fields of Hilbert spaces ^ — > 
Ti-iO ^^^ ^ ~^ ^'(0 o'^^i' ^- Then we have two corresponding Hilbert spaces, H and H', 
given as direct integrals (|2.4j) . We define the set of morphisms }ioinc{z,fi)iH, H') as the set 
of all bounded linear maps H ^ H' given by decomposable linear maps 

TiOdfiiO, (2.5) 

where r(^) is an essentially bounded measurable field of linear maps T(^) : 7i{0 ~^ "^'iOi 
cf. ^U], part n, chapter 2. 

It is shown in 113' §2.6] that the above construction defines a finite von Neumann category. 

One can also consider a full subcategory C-^(Z, /x) of C{Z, /x), which consists of measurable 
fields of finite dimensional Hilbert spaces 7Y(^) over Z such that the dimensions of 7^(^) are 
essentially bounded. 

Other examples of von Neumann categories can be found in TT, §2]. 

2.6. Traces on von Neumann categories. Let C be a Hilbertian von Neumann category. 

The following definition was suggested in §5.8 of ^E 



Definition 2.7. A trace on C is a function, denoted t, which assigns to each object 7i € 
Ob(C) a linear functional 

T-H :Romc{n,n) ^C 

on the von Neumann algebra iiorac{'H,'H), such that for any pair of objects 'Hi,7i2 € 
Ob (C) the corresponding traces t-j-i^ and tt-c^ are compatible in the following sense: if f € 
hoinc{'Hi,TC2) and g G home (H2,'Hi) then 

The trace r is called non-negative if Ty^ie) is real and non-negative for any idempotent 
e G h.orac{'H,H), e^ = e. One says that that a trace t on a von Neumann category is 
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normal (or faithful) iff for each non-zero TC € Ob(C) the trace t-^ on the von Neumann 
algebra Yiova.c{7i,7i) is normal (faithful). 

If / G Homc(7^i © H2,'Hi © H2) is given by a 2 x 2 matrix (/y), where fij : Hi -^ Hj, 
i,j = 1, 2, then 

^Hi^Hiif) = 'T-HAhl) + 'T-H2U22) (2.6) 

as follows easily from the above definition. 

To simplify the notation we will often write r for th- 

2.8. Example: Trace on the category of finitely generated Hilbertian modules. 

Let ^ be a finite von Neumann algebra with a fixed finite, normal, and faithful trace 
T : A ^r C Consider the category 7^^ of finitely generated ^-Hilbertian modules, cf. 
Section [2.5.21 There is a canonical trace on this category, which we will also denote by r, 
cf. Proposition 1.8]. Let us briefly recall the construction of this trace. 

Suppose first that M is /ree, that is, M is isomorphic to 1^{A) © C for some k. Then 
Hom^/ (M, M) can be identified with the algebra of /c x A;-matrices with entries in A, acting 

from the right on £^ {A) © C'^ (the last module is viewed as the set of row- vectors with entries 
in ('^{A)). If a £ i3 is represented by a /c x A: matrix (aij), then one define 



TM{a) = ^ T{ai 



This gives a trace on Hom^/ (M, M) which satisfies all necessary conditions. 

If M is not free, then we can embed it in a free module as a closed ^-invariant subspace. 
Then Hom^/ (M, M) can be identified with a left ideal in the k x fc-matrix algebra with 
entries in A and the trace described in the previous paragraph restricts to this ideal and 
determines a trace on Hom^/ {M,M). One then shows that the obtained trace does not 

'^A 

depend on the embedding of M in a free module. 



2.9. Example: Trace on the category of families of Hilbert spaces. Let Z be a 

locally compact Hausdorff space endowed with a positive Radon measure /x. Consider the 
von Neumann category C^{Z,n) of measurable fields of finite dimensional Hilbert spaces 
7i(^) over Z such that the dimensions of 'H(^) are essentially bounded, cf. Subsection 12.5.31 
This category has traces. Let z^ be a positive measure on Z which is absolutely continuous 
with respect to /x and such that ^{Z) < cxd. Then z/ determines the following trace on this 
von Neumann category 



T,{T) = [ Tr{T{C))du. 
Jz 



where T is a morphism given by formula H2.5|) and Tr denotes the usual finite dimensional 
trace. 
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2.10. The Fuglede-Kadison determinant. Suppose C is a Hilbertian von Neumann cat- 
egory endowed with a non-negative, normal, and faithful trace. Let M be an object in C. 
Denote by GL(M) the group of all invertible elements of Home (M,M). We will consider 
the norm topology on GL(M); with this topology it is a Banach Lie group. Its Lie algebra 
can be identified with Homc(M, M). The trace tm is a homomorphism of the Lie algebra 
Homc(M, M) into the abelian Lie algebra C. By the standard theorems, it defines a group 
homomorphism of the universal covering group of GL(M) into C. This approach leads to 
following construction of the Fuglede-Kadison determinants, cf. . 

Given an invertible operator A £ GL(M), find a continuous piecewise smooth path 
At € GL(M) with t S [0, 1], such that Aq = I and Ai = A (it is well known that the group 
GL(M) is pathwise connected, cf. ^0]). Then define 

logDet^(A) = [ ^T[At^A't]dt, (2.7) 

Jo 

where 5ft denotes the real part. 

It has been shown in 6 that the integral does not depend on the choice of the path, 
joining A with the identity /, and that one has the following theorem: 

Theorem 2.11. The function above, 

Detr : GL(M) — > M>° (2.8) 

called the Fuglede-Kadison determinant, satisfies: 
(a) Detr is a group homomorphism, that is, 

V)eir{AB) = Det^(^) • Det^(S) for yl, 5 e GL(M); (2.9) 

(b) 

Det,(A/) = |A|'^''^^(*^) for AgC,A^O; (2.10) 

here I E GL(M) denotes the identity operator; 
(c) 

DetAr(A) = Detr{Af for A € M>°; (2.11) 

(d) Det,- is continuous as a map GL(M) -^ M^", where GL(M) is supplied with the 
norm topology; 

(e) If At for t G [0, 1] is a continuous piecewise smooth path in GL(M) then 

ray] - /' «^[A-^:i*. (2^12, 



log 



Here A[ denotes the derivative of At with respect to t. 



In [B| the theorem is stated only for the category of finitely generated Hilbertian representation of a von 
Neumann algebra, cf. Subsection 12.5.11 However the proof works for arbitrary von Hilbertian Neumann 
category with trace without any changes. 
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(f) Let M and N be two objects of C, and A E GL(M) and B G GL(A^) two invertible 
automorphisms, and let j : N ^ M be a homomorphism. Then the map given by 



the matrix 



belongs to GL(M N) and 



A 7 
B 



Det^ ( r) = Det^(^) -Det^C^). (2.13) 

As an example consider an object M E Ob(C) and a C-automorphism A : M ^ M. Fix 
an admissible scalar product on M. Assume that A is positive and self-adjoint with respect 
to this scalar product. Let A = J^ XdEx be the spectral decomposition of A. Then 



Detr(^) = exp 



ln{X)d(f){X) 



(2.14) 



where i;^(A) = t[E\) is the spectral density function of A. 

3. Determinant line of a Hilbertian module 

In this section we present a construction of the determinant line associated to an object 
in a Hilbertian von Neumann category with trace, which essentially repeats a construction 
given in ^:, . It will be used later in Section [5] in the constructions of the determinant 
line assocoated to an object in the extended category, and then in Sections El and El to 
define the combinatorial and the analytic L^-torsions invariants associated to polyhedra 
and compact manifolds respectively. 

3.1. The definition. Let C be a Hilbertian von Neumann category endowed with a non- 
negative, normal, and faithful trace, cf. Definitions 12.21 and 12.71 . One associates (in a 
canonical way) with any object M E Ob (C) an oriented real line which is denoted det M; it 
is the determinant line of M. This construction generalizes the determinant line of a finite 
dimensional vector space. 

Define det M as a real vector space generated by symbols ( , ) , one for any C-admissible 
scalar product on M, subject to the following relations: for any pair ( , )i and ( , )2 of 
C-admissible scalar products on M one writes the following relation 

( , )2 = BetriA)-'/' ■ ( , )i (3.1) 

where A E GL(M) is such that 

{v,w)2 = {Av,w)i 



We emphasize that for most of our apphcations it is enough to consider the special case of the category 
C = Hi^ of finitely generated Hilbertian modules, cf. Subsection 12.5.21 



10 MAXIM BRAVERMAN, ALAN CAREY*, MICHAEL FARBER, AND VARGHESE MATHAI* 

for all VjW (z M. Here the transition operator A G Homc(M, M) is invertible, cf. ^2.'A^ 
and DetT-(^) denotes the Fuglede-Kadison determinant of A constructed in Subsection 12. 101 
with the aid of the trace r on the von Neumann category C. 

Then, cf. JH', Section 2.1], detM is the one- dimensional real vector space generated by the 
symbol { , ) of any C-admissible scalar product on M. 

Note also, that the real line det M has the canonical orientation, since the transition 
coefficients T)etT-{A)^ ' are always positive. Thus we may speak of positive and negative 
elements of det M. The set of all positive elements of det M will be denoted det+(M). 

We will think of elements of det M as "densities" on M. If M is a trivial object, M = 0, 
then we set det M = M, by definition. 

3.2. Determinant line of a direct sum. Given two objects M and N in C, and a pair 

( , )m and ( , )n oi C-admissible scalar products on M and N correspondingly, we may 
obviously define the scalar product ( , )m © ( j )Af on the direct sum M (B N. This defines 
an isomorphism 

(j):detM(g, det N -^^ det(M N). (3.2) 

Using Theorem 12.111 fproperties (a) and (f)), it is easy to show that this homomorphism 
is canonical, that is, it does not depend on the choice of the metrics ( , )m and ( , )n- 
From the description given above it is clear that the homomorphism (|3.2|) preserves the 
orientations. 

3.3. Push-forward of determinant lines. Note that, any isomorphism f : M ^ N 
between objects M, N of C induces canonically an isomorphism of the determinant lines 

/=, : det M ^ det A^. (3.3) 

Moreover, the induced map /* preserves the orientations of the determinant lines. 
Indeed, if ( , )m is an C-admissible scalar product on M, then we set 

/*(( , >Af) = ( , )7V, (3.4) 

where ( , )Ar is the scalar product on N given by 

{v,w)n = {f'^{v)J~^{w))M for v,w£N 

(this scalar product is C-admissible since / € Homc(Af, A^) is an isomorphism). This defini- 
tion does not depend on the choice of the scalar product ( , )m on M: if we have a different 
C-admissible scalar product ( , )'j^j on M, where {v,w)\j = {Av,w)m with A G GL(M), 
then the induced scalar product on A^ will be {v, wYj^ = {{f^^Af)v, vu)n and our statement 
follows from property (a) of the Fuglede-Kadison determinant, cf. Theorem 12. Ill 

3.4. Calculation of the push-forward. Suppose f : M ^ N is an isomorphism and fix 
C-admissible scalar products ( , )m, ( , )Ar on M and N respectively (note that we don't 
assume any more that the equality 1)3. 4|) is satisfied). Let /* : A^ ^ M be the adjoint of / 
with respect to these scalar products. Then, for every v,w & N we have 

{f-'iv),f-\w))M = {iff*)-\v),w)N. 
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Comparing this equation with f^'AA^ and (|I-{.1|) . we obtain 



/*((, )m) = V^etrif /*)■{, )n (3.5) 

In particular, in the case M = N we obtain the following 

Proposition 3.5. If f : M ^ M is an automorphism of M E Ob(C), then the induced 
homomorphism /* : detM -^ detM coincides with the multiplication by Detr{f) G M'*'^. 

3.6. Composition of the push-forwards. It is obvious from the definition, that the 
construction of the push-forward is functorial: if / : M ^ iV and g : N ^> L are two 
isomorphisms between objects of C then 

{9° f)* = 9* °/*- (3.6) 

Proposition 3.7. Any exact sequence 

O^M' -^-^ M -^ M" -^ (3-7) 

of objects in C determines canonically an isomorphism 

■ipa,^: detM -^ det M' (g> det M" (3.8) 

preserving the orientations of the lines. 

Proof. The map ipa,i3 is constructed as follows. Any admissible scalar product {■,■)&! on M 
defines admissible scalar products (•, •)m' on M' and (•, •)m" on M" as follows: 

(x',y')M' = {a{x'),a{y'))M, (x",/)m" = {l{x"),l{y"))M 

for x',y' G M' and x",y" G M". Here 7 : M" ^ M is such that /3 o 7 = 1^^,, and 
{a{x'),j{x"))M = for any x' G M' and x" G M" . These conditions determine 7 uniquely; 
in fact 7 identifies M" with the orthogonal complement im(a)-'- with respect to (•, ■)m- 

Next we show that ^jJa,(3 is well-defined, i.e. the class of ( , )m' ® { , )m" in the de- 
terminant line det(M' © M") depends only on the class of the scalar product { , )m 
in det(M). Consider an automorphism h : M ^ M and the induced scalar product 
{x,y)\j = {h{x),h{y))M on M. Let 7 : M" ^ M be the splitting as above. The split- 
ting 7 : M" — i- M corresponding to the the new scalar product (•, ■)'j^.j equals 7 = 7 + 00/, 
where / : M" — j- M' is a morphism which is uniquely determined by the data. One has 



[0,7] = [a, 7] o 



1 / 
1 



(3.9) 



Here [a, 7] denotes a morphism M' © M" -^ M whose restrictions to M' and M" are a and 

[1 /I 



7, correspondingly. The symbol [0,7] has a similar meaning. The matrix 
a morphism M' © M" ^ M' © M" . Let S,, ^' G det(M' © M") be such that 

[a,7]*(e) = (, )m, [«,7](0 = (, )m- 



1 



represents 
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Using the properties of the push- forwards apphed to (|H.9j) and Theorem 12. m we find 

K7](e) = (, )M=Det.(/i)i/2(, )\,. 

Thus, ^' = Det^(/i)"^/2 . ^ ^ det(M' M"). In the determinant hue det(M) one has the 
relation ( , )'j,^ = Detrih)"^'"^ ■ { , )m', hence it follows that our definitions ^ = i^a,i3{{ , )m) 
and ^' = ipa,p{{ ; )'m) ^^^ compatible. D 

The following lemma will be used in Section El 

Lemma 3.8. Under the conditions of Proposition [X7| let h : M ^> M be an automorphism 
of M . Then the automorphism V'hoo,/3oh-i corresponding to the exact sequence 

^ M' -^^^ M ^^ M" -. (3.10) 

coincides with Detr{h)^^ ■ ilJa,f3- 

Proof. Fix an admissible scalar product (•, ■)m on M. Let 7 : M" — > M be such that 
/? o 7 = 1m" and (a(x'), 7(x"))m = for any x' G M' and x" G M". Then 

V'a,/3((, )M)=eGdet(M'©M") 

where ^ satisfies 

[a,7]*(e) = (, )Af. (3.11) 

This is the definition of ipa,/3j see above. Now consider the sequence (I3.1U() . Fix the following 
scalar product on M: 

The corresponding splitting is /i o 7 : M" -^ M. Hence 

'0hoa,/3oh-l(( , )m) =S,', (3.12) 

where 

[hoa,hojU^') = {,y^. (3.13) 

In the determinant line det(M) we have 

( , Ym = Betr{h) ■ { , )m. (3.14) 

Using the properties of the push-forwards we obtain 

[ho a, ho 7],(^') = h, o [a, 7], (CO = Bet^h) ■ [a,-/Ue). (3.15) 

Combining (TrTTl) . (IXn|) . (IXn|) . (jXH, (TDl^ one obtains ^ = C'- This proves that 
V'hoa,/3o/i-i = Det^(/i)~^ • Va,/3 as Stated. 

D 
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4. Abelian extension of a von Neumann category 

M. Farber in |il2) and ^S| constructs an abelian category called the extended category of 
Hilbertian modules. This abelian category contains a given von Neumann category C as a 
full subcategory of its projective objects. The construction of the extended category of P^ . 
J13j was inspired by the earlier work of P. Preyd J16j on embedding of additive categories 
into abelian categories. 

Any object of the extended category splits naturally into projective and torsion com- 
ponents; the projective part has the von Neumann dimension as an invariant while the 
Novikov-Shubin invariant [201 depends only on the torsion part. 

A brief description of Farber's construction is given below. We refer to the paper ^j for 
more details. 

Definition 4.1. Let C be a Hilbertian von Neumann category. The extended category 
£{C) of C is defined as follows: An object of the category £{C) is defined as a morphism 
(a : A' ^> A) in the original category C. Given a pair of objects X = (a : A' ^ A) 
and y = (P : B' ^ B) of £{C), a morphism X ^f y in category S{C) is an equivalence 
class of morphisms f : A ^ B of category C such that f o a = (3 o f for some morphism 
f : A' ^ B' in C. Two morphisms fi:A^B and f2 : A ^f B of C represent identical 
morphisms X ^f y oi £{C) iff fi — f2 = P o F for some morphism F : A ^ B' of category 
C. The morphism X ^ y, represented by f : A ^ B, is denoted by 

[/] ; ^a:A'^A) ^ ip-.B'^B) or by [f]:X^ y. (4.1) 

Composition of morphisms in £{C) is defined as composition of the corresponding morphisms 
f in the category C. 

The category £{C) is an abelian category, cf. [TH', Proposition 1.7]. 

It is shown in ^1 Section 1.4], that any object X of £{C) is isomorphic in £{C) to an 
object {a : A' ^ A), where the morphism a is injective. 

4.2. Projective and torsion objects. There is a full embedding of C in £{C) which takes 
an object j4 of C to the zero morphism (0 — > A) of £{C) and a C-morphisms f : A ^> B to 
the morphism [/] : (0 ^ A) — > (0 ^ i?) of £{C). An object of £{C) is projective if and only 
if it is isomorphic to a Hilbertian module, i.e. to an object of C, cf. jl31 Proposition 1.9]. 

Given an object X = {a : A' ^>- A) in the extended category £{C), its projective part is 
defined as the following object of C 

V{X) := ^/cl(im(a)). (4.2) 

Clearly, any morphism [f] : X ^>- y of £{C) induces a morphism 'P{f) : ^^{X) -^ 'P{y) 
between the projective parts. Thus we have a well defined functor 

V : £{C) -^ C. (4.3) 

An object X = {a : A' ^> A) of the extended category £{C) is called torsion iff the image 
of Q is dense in A. One denotes by T{C) the full subcategory of £{C) generated by all 
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torsion objects. T(C) is called the torsion subcategory of £{C). It is shown in jl,S| §3], that: 
if C is a finite von Neumann category, then T{C) is an abelian category. 

Objects of T{C) are called torsion Hilbertian modules. 

There is a functor 



T : £{C) -^ T{C), T : {a : A' ^ A) ^ {a : A' ^ cl(im(a))). 



(4.4) 



Given X E Oh{£{C)), the object T{X) is called the torsion part of X . 

It is shown in ^1 §3.4] that every object X G £{C) is a direct sum of its torsion and 
projective parts, 

X = T{X)®V{X). (4.5) 



4.3. Isomorphisms in the extended category. Let X = {a : A' ^f A) and 3^ = (/3 : 

B' -^ B) be two objects of the extended category £{C). From Definition 14.11 we see that 
a morphism / G Home (A, i?) induces an isomorphism in £{C) if and only if there exist 
C-morphisms /?, /, /', g, g', -F, G such that the following diagrams commute 



A' 



/' 



B' 



P 



A 



B 



A' 



B' 



/3 



A 



B 



A' 



A' 



A 



idA -gf 



A 



B' 



B' 



/3 



B 



idF 



-f9 (4.6) 



/3 



B 



Lemma 4.4. Let X = {a : A' ^ A) and y = {f3 : B' ^ B) be two objects of £{C) which 
are isomorphic is £{C) and such that the morphisms a and (3 are injective. Let f : A ^ B 
be a morphism in C which induces an isomorphism [f] : X ^ y. Let f':A'^> B' be as in 
the left diagram of H4.6|) . Then the following sequence of morphisms of C is exact'^: 







A' 



(/',") 



B' ®A 



P-f 



B 



0. 



(4.7) 



Proof. We shall apply Proposition 1.6 from jT3] which describes explicitly the kernels and 
cokernels in £{C). Clearly, [f]:X^fy being an isomorphism is equivalent to the vanishing 
of its kernel and cokernel in £{C). The cokernel of [/] in £{C) equals ((/3, — /) : B' (BA — > B) 
and its vanishing means that the C-morphism (/?, — /) : B'®A -^ B \s onto; this is equivalent 
to the exactness of 1)4. 7() at the last term. The kernel of [/] in £{C) equals ((/', a) : A' — > P) 
where P denotes the kernel oi (3 + f : B' ® A ^> B (here we use the assumption that (3 is 
injective). Hence vanishing of the kernel of [/] is equivalent to the exactness of (|4.7)) in the 
middle term. The exactness of 1)4. 7|) in the first term follows from the injectivity of a. D 

Remark 4.5. One may think about an object X = [a : A' ^f A) oi £{C) as of a short 
chain complex in C where a is the differential. If a is injective then this chain complex has 



Since the morphisms a and /3 are injective the morphism /' and the sequence 14.711 are completely 
determined by /. 
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cohomology in a single dimension (i.e. it is a resolution). A morphisni in £{C) 

A' -^^ A 



f 



f (4. 



B' > B 

is then a morphism of chain complexes. The chain complex 1)4. 7(1 is the cone of this chain 
map. Hence the lemma above can be rephrased by saying that a morphism of the extended 
category is an isomorphism if and only if its cone is acyclic. 

5. Determinant lines of objects in the extended category 

Throughout this section C denotes a Hilbertian von Neumann category endowed with a 
finite trace, cf. Subsection 12. HI We denote by £{C) the extended category of C, cf. Section^ 

Definition 5.1. Let X = {a : A' ^t A) ^ Oh{£{C)). The determinant line of X is 

det;f :=det^(g)(det^7ker(a))*. (5.1) 

An element of the determinant line det X can be represented by a symbol of the form 

A-^, (5.2) 

where A € M and (, ), ( , )' are C-admissible scalar products on A, and on A'/ker(a) 
correspondingly. The equivalence relation between symbols ()5.2() follows from 1)3. 1(1 and 
from the usual rules of fractions. 

If X = (0 ^ A) is a projective object in £{C), cf. Subsection 14.21 then the determinant 
line det <Y coincides with det^. 

Let X = {a : A' ^f A) and y = {f3 : B' ^^ B) he two objects of the extended category 
£{C) such that the morphisms a and /? are injective. Consider a morphism [f] : X ^ y 
represented by diagram 1)4. 8(1 . Assuming that [/] is an isomorphism in £{C) we define the 
push- forward map [f]^: : det A:' -^ det 3^ associated with [/] as follows. Fix arbitrary C- 
admissible scalar products (, )a, {,)a', {, )b' on A^A' and B' correspondingly. Consider 
the exact sequence (|4.7j) . The orthogonal complement to the image of {f',a) (with respect 
to the scalar product (, )si © (, )a) is mapped by /3 — / isomorphically onto B. This 
isomorphism together with the restriction of the scalar product ( , )_b' © ( , )a onto im(/', a)"*- 
determine a C-admissible scalar product ( , )b on B. We set 

[f]Jj^)=j^edety. 

\{,}a'J {,}b' 

{, )a 
Recall that the symbol - — - — denotes a nonzero element of the line deiX. 

(> )a' 

Lemma 5.2. The push-forward map [/]^, : detA' -^ det 3^ is well- defined. It depends only 
on the class [/] in Hom£:(c)(Af,3^). 
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Proof. Assume that f : A ^ B is another morphism such that [/] = [/]. Then there exists 
a morphism R : A ^ B' such that P o R = f — f. Let f':A'^ B' satisfy (3 o f = f o a. 
Then 

(3o{f-f') = if-f)oa = PoRoa, 

and, since /? is injective, f — f = Ro a. 
Set 

Then h'^ = ( ''^^' 7^^) : B' ^ A -> B' ® A and 

if, -a) = {f-Roa,-a) = ho{f',-a), 
P + I = P + f-PoR = (p + f)oh-\ 
Since T)etr{h) = Detr{h*) = 1 by ()2.13|) our claim fohows now from Lemma 13.81 D 

To define the push-forward map [/] * : det X — > det y without assuming that a and /3 
are injective one observes that the determinant hues of Af and of X' = [a : A' / ker a ^> A) 
are identical and similarly the determinant line of 3^ and of 3^' = (/5 : i?'/ker/3 -^ B) 
are identical. Any isomorphism [f] : X ^^ y given by the diagram (|4.8jl determines an 
isomorphism [/] : X' ^f y' given by 

A'/ ker a — ^-^ A 

f'[ [f (5.3) 

B'/ker/? > B. 

The next claim follows directly from the definitions: 
Proposition 5.3. Let [f]:X^fy and [g] : y ^ Z be isomorphisms. Then 

b]*o[/], = {[g]o[f])^. 

5.4. Determinant line of a direct sum. Given two objects X,y (^ £{C) there is a 
canonical isomorphism 

(/>:det;f(g)det3^^det(Af 3^), (5.4) 



compare (|3.2|) . 

In particular one obtains that det X is canonically isomorphic to the product of the 
determinants of the projective and the torsion parts: det A" ~ dei'P{X) (g) detT(Af). 

Lemma 5.5. For any morphism [f]:X^fy of £.{C) there is a canonical isomorphism 

^f.dety^idetxy -^-^ det coker ([/])» (det ker ([/]))*. 
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Proof. Let X = {a : A' ^>- A) and y = {fi : B' ^f B). Without loss of generality we can 
assume that a and j3 are injective. 

Let f : A ^> B he a, representative of [/]. Then there is a unique f : A' ^ B' such that 
foa = Pof. Recall that the kernel and the cokernel of [/] are described in Proposition 1.6 
of ^H] as follows. 

coker([/]) = {{p,-f):B'eA^B), ker([/]) = {i : P' ^ P), (5.5) 

where 

P = ker((/3, -f): B'eA^ B), P' = ker((/3, -foa):B'(BA'^ B), (5.6) 

and i : P' — > P is the restriction of the map id © a to P' . The assumption that (3 is 
injective allows to simplify the description of P' . Indeed, by (|5.6|) . P' consists of those pairs 
(o', b') eA'QB' such that = f{a{a')) - fi{h') = f3{f'{a') - b')); the latter is equivalent 
to f'{a') = b' . Thus there is a natural isomorphism A' -^ P' given by a' i— *■ {f'{b'), a'), and 
the kernel of [/] can be rewritten as ker([/]) = (l : A' ^> P), l : a' i-^ {f'(a'),a{a')). Since 
a is injective so is l. Thus we obtain 

detker([/]) = det P ® (det A')* = det(ker(/? © -/)) (g) (det A')*- (5-7) 

From (|5.5|) we obtain 

detcoker([/]) = detP (g) (det(P' © A/ ker(/? © -/)))* = 

= det B © (detP')*«'(det A)* ©det(ker(/ ©-/?)). (5.8) 
Combining (|5.5|) . ()5.7() and (|5.8() we obtain a natural isomorphism 

detcoker([/])©(detker([/]))* ^ det B {det B')* {det A)* ^ det A' . (5.9) 

Since the RHS of (|5.9|) is exactly detj^ © (det Af)* the lemma follows. D 

6. r-TRIVIAL TORSION OBJECTS AND THEIR DETERMINANT LINES 

Let C be a Hilbertian von Neumann category endowed with a finite trace r. We have 
shown above how one may associate determinant lines to the objects of the extended cate- 
gory £{C). 

The trivial object of £{C) is represented by any morphism X = {a : A' ^ A) such that 
a is onto. Let us show that the determinant line of the trivial object is trivial in the sense 
that it contains a canonical nonzero element. The choice of such element allows to establish 
a unique isomorphism to standard line M sending the canonical element to 1. Let ( , ) be a 
C-admissible scalar product on A. The morphism a : A' ^ A determines an isomorphism 
a' : A'/keia — > A. We set {x,y)' = {a' (x) , a' (y)) where x,y G j4'/kera. The bracket (, )' 
is a C-admissible scalar product on A' . It is easy to see that the following nonzero element 

j^ E detA- 

is canonical, i.e. it does not depend on the choice of the initial scalar product ( , ). 
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The purpose of this section is to show that such triviahzation of the determinant Unes 
happens for a class of torsion objects which we call r-trivial; the latter class depends on the 
choice of the trace r. 

Let X = (a : A' ^> A) he a torsion object of £{C). This means that the image of a is 
dense in A. Without loss of generality we may assume that a is injective. 

Definition 6.1. A morphism a : A' ^ A is called a t -isomorphism if it is injective, has 
dense image, and the integral 

oo 

/lnAd(/>(A) > -oo (6.1) 



is finite. 

Here (j){X) denotes the spectral density function (j){X) = t{E\) of the self-adjoint operator 

oo 

{a*a)^'^ = f XdEx. (6.2) 



The adjoint a* is calculated with respect to a choice of C-admissible scalar products ( , ) 
on A and ( , )i on ^'. The finiteness of the integral (|6.1|) is independent of this choice (see 
Proof of Proposition 3.2 in |^). Note that the integral 1)6. ip may only diverge at point 
A = 0. 

We shall use the following notation 



Detr{a*a) = exp 



(6.3) 



2 / ln(A)#(A) 

. 

where a and (j){X) are as above. It is an extension of the Fuglede - Kadison determinant, 
see |17| . Lemma 5; this notation is also compatible with the formula 1)2. 14() above. 

Definition 6.2. A torsion object X is called T-trivial if it is isomorphic to (a : A' ^> A) 
where a is a t -isomorphism. 

Lemma 6.3. The determinant line det X of any r-trivial torsion object X is trivialized in 
the above sense, i.e. it contains a canonical nonzero element. 

Proof. Let X = (a : A' ^ A) with a being a r-isomorphism. Fix C-admissible scalar 
products ( , ) on A and ( , )' on A'. Consider the spectral decomposition 1)6. 2|) where the 
adjoint a* is calculated with respect to the chosen scalar products. Let us show that the 
following nonzero element 

j^j ■ y/Detria*a) G det;f (6.4) 

is independent of the choices of the scalar products ( , ) and ( , )'. Let (3 : A ^> A and 
7 : A' — > ^' be positive self-adjoint invertible C-morphisms. Consider the new scalar 
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products (, )i = (/?•,•) and (, )2 = (tt)' ^^ ^ ^'^d o^ ^ correspondingly. The adjoint 
of a with respect to the new pair of scalar products is 7~^a*/?. Using the multiplicativity 
property of the Fuglede - Kadison determinant we find 

Det^(7-^a*/3a)^/2 ^ Det^(7)-^/2 Og^^(^*^^)i/2 ^ 

= Det,(7)-i/2 Det,(a*a)i/2 Det,(/?)i/2 

Relation ^^ gives (, )i = Det^(/3)-i/2 • (, ) and (, )2 = Det^(7)"i/2 . ^ j/^ Hence com- 
bining the above relations we find that the new density 

^ • Det,(7-ia*/3a)^/2 (g^5) 

(' /2 

equals (jO|) . D 

7. Determinant line of a chain complex 

7.1. Let M. = ©tM* be a graded object of £{C). The determinant line of AA is defined as 

detX := (g)(detA^^)(-^)' (7.1) 

where (det A^*)^^ denotes the dual line to det A^*. 
Suppose now that 

{M,d): ^^0 _^ ^1 _^1_^ . . . _^!i_^ ^", ^ (7.2) 

is a chain complex in the abelian category £{C). We denote by 

n 

n*{M) = ^n\M) (7.3) 

i=0 

its cohomology. Even if the initial complex M consisted of projective objects (i.e. if 
M^ € Ob(C) for all i), the cohomology 7i*{M) may have nontrivial torsion, thus it is well- 
defined only as an object of the extended category £'(C), i.e. H^{M.) S Oh{S{C)). It is called 
the extended cohomology of Ai . The notion of extended cohomology was first introduced in 

nn, nu. 

In the special case when the complex Ai is projective, the extended cohomology can 
explicitly be expressed by 

n\M) = (a. : M'-^ ^ ker(5i+i)), (7.4) 

see dl], [H]. 

The projective part of the extended cohomology is then isomorphic to the reduced coho- 
mology 

H\M) := ker{di+i)/cl{[m{di)) £ Oh{C), i = 0,...,n, (7.5) 

of (A4,9). The notion of reduced L^-cohomology was originally introduced by M.Atiyah 
^. The torsion part of the extended cohomology is responsible for, so called, "zero in 
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the continuous spectrum phenomenon". In particular, it completely describes the Novikov- 
Shubin invariants of {^A, d), cf. ^J §3]. The torsion part of W(A4) equals 

T{W{M)) = {di : M'-^ ^ cl(im(aO)) 

see [H], dSl. 

Proposition 7.2. The chain complex H7.2J) defines a canonical isomorphism 

i/^ : detX — > detn*{M), (7.6) 

preserving the orientations of the lines. 

Proof. We use here the notions "image" and "kernel" in their categorical sense; we apply 
them to morphisms of the abelian category £{C). 

Let Z\M) = ker[9 : M' -^ M'+^] and B^M) = \m[d : M'~^ -^ M'] be the "cycles" 
and the boundaries, correspondingly. One obtains two familiar exact sequences in £{C): 

-^ B\M) -^ Z\M) -^ n\M) -^ 

and 

-^ Z'-\M) -^ M'-^ -^ B\M) -^ 0. 

The isomorphisms of Proposition 13.71 applied twice (alternatively one may appeal here to 
Lemma l5 .51) . determines a canonical isomorphism 

deiH\M) ~ {det M'-^)* ® det Z'-^ {M) ® det Z\M) . 

Now one obtains 

n 

dein*{M) = J](det7i^(7W))(-^)' = 



j=0 

(-1)' 

I ueu zj i^yvij liv ucl z^ \jvi)\ 
i=0 



YlidetM')^-^^' (E)Y[[detZ'{M)(E)detZ'-\M)] 

i=0 i=0 

n 

= det{M)(g)'[l[detZ'{M)^detZ'-\M 



j=0 

The main point of the proof is the observation that the product of the square brackets in 
the last formula is a trivial line in the sense that it contains a canonical nonzero element 
(denoted 1) and so it is canonically isomorphic to M. We see that the line detTi.{M.) is 
obtained from the line det A4 by tensoring with a trivialized line containing a canonical 
element which we shall denote by 1. The canonical isomorphism 1)7. 6(1 is defined by the 
formula 

U 



L^-TORSION AND EXTENDED L^-COHOMOLOGY 21 

7.3. Direct sum of complexes. Let {A4,d ) and {J\f,d ) be two complexes of objects 
in £{C). Consider their direct sum (M ®M,d^ ® d^)- It follows from (|0|) that 

VM®N = ^M® ^M- (7.7) 

7.4. Torsion of a complex of projective objects. Suppose 

(C,5): ^CO -^1-^ C7i -^H-^ . . . -^^ C" ^ (7-8) 

is a complex in C. We shall consider it as a complex of projective objects of £{C). Fix 
C-admissible scalar products ( , )j on C*. They determine elements CTj G detC* and 

n 

(T = J\ ctJ"^^' G det C 

i=0 

Definition 7.5. The positive element 

PC := vc{<t) GdetW*(C) (7.9) 

is called the torsion of the complex C . 

Remark 7.6. The torsion pc depends on the choice of the scalar products (, )«. In |H], 
the torsion was defined more invariantly as the element of the line (detC)* ® det7i*(C) 
canonically determined by the map vc- In this paper we adopt a less invariant definition 
(|7.9() . since it is more consistent with the usual notions of combinatorial and de Rham 
torsions. Note that, using our notation, the torsion of [£] can be written as a* pc, where 
a* is the unique element of (detC)* such that {a*, a) = 1. 

7.7. Torsion of an acyclic complex of projective objects. Assume now that the 
complex 1)7. 8p is acyclic (by this we mean that im9j_i = kerSj. The acyclicity im- 
plies in particular that im(di) is a closed subspace of C*). We now calculate the torsion 
Pc = ^c{^) € det?Y(C) ~ M which is in this situation a positive real number. 

Let d* : C^ —>■ C*~^ denote the adjoint of di with respect to the chosen scalar products 
and let 

A, := d*^,d,+i + did* : &^& 

be the Laplacian. Since the complex (C, d) is acyclic, Aj is a positive invertible operator. 
We denote by DetT-(Aj) the Fuglede-Kadison determinant of Aj, cf. Subsection 12.101 

Proposition 7.8. Assume that the chain complex (|7.8j) is acyclic. Then its torsion is given 
by the formula 



PC = exp I ^ ^ (-l)^ilogDet,(Ai) J . 



(7.10) 



Proof. Set 

A' := keiidi+i) = im{di); B' := ker(a*) = im(5:+i) = (ker(9i+i))- 
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Then C* = j4* © B^ and the complex (|7.(S|) decomposes into direct sum of the following 
"short" chain complexes 

{Mi,d): ^ •••0 ^ B''^ ^''^"') A' ^ ^ > 0, 

where i = 1, ,...,, n. The scalar products ( , )i on C* (i = 0, . . . , n) induce scalar products 
on j4* and B^ and hence the elements //j G det A^j. Clearly, 

(J = fii (g) ■ ■ ■ (^ fin, Vc = VMi ® ■ ■ ■ ® '>^Mu- (7-11) 

From (|.S.5|1 we see that 

PM. = ^MAPi) = {Tieir{d*di\B.^,)i-^^''\ (7.12) 

Combining (fTlTI) and (|7T2|) with (|7!9|) we obtain 

PC = Det,(ataibo)-^/2.Dgt,(a;a2iBi)'/'---Det,(a:a„bn-i)(-i)"/2 



1 " 
^^Pfo E(-l)'l°gI^«t.(^*^^li?'-0)- (7-13) 



2 

It remains to show that the right hand sides of (jT-lUf) and (|7.13p coincide. The Laplacian 
has the following matrix form with respect to the decomposition C* = A^ (B B^: 

A = M ^ 

Hence, using 1)2. 13() . we obtain 

Det,(Ai) = Detridid*\A^)-Betr{d*+idi+i\B.). (7.14) 

The restriction of dt to B^^^ maps it isomorphically onto A* and we have 

dilsi-^ {9^di\Bi-i) = (3j9*|yii) 9j|^i-i. 

Hence, 

Betri^*^i\B^-l) = Betr{did*\A') (7.15) 

by Theorem 12 . 1 If a) . Using 1)7. 14() and 1)7. 15() we get 

n n—1 



5^(-l)^ilogDet,A, = J^(-l)^i(logDet,(a:a,b,-i)+logDet,(a*+ia,+ibO) 

j=0 i=0 

n 

= ^(-l)MogDet,(5*9i|B.-i). (7.16) 
Combining ((7?T^ and ((7TT^ we obtain ((7TTU)) . D 
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8. Torsion and exact sequences 

In this section we study the relationship between the torsions of the terms of a short 
exact sequence of complexes. Roughly speaking the main result states that the torsion of 
the middle term equals to the product of the torsions of the two other terms. This result 
will be used in Section^] to show that the combinatorial torsion of a flat Hilbertian bundle 
is invariant under subdivisions. It will be also used in Section EJ to prove that the ratio of 
the de Rham and the combinatorial torsions equals the relative torsion introduced in ^. 

8.1. The setting. Let C be a Hilbertian von Neumann category endowed with a finite 
trace r. Let 

— > L — ^-^ M — ^ N — >0. (^•^) 

be an exact sequence of chain complexes (L, d ), (M, d ) and (A^, 9 ) of objects of C. Let 

^ : det M -^ det L det N 

be the isomorphism determined by (|8.1|) . cf. Proposition 13.71 

Choose an identification of M, as a graded Hilbertian module, with the direct sum of L 
and A^. With respect to this identification we have the following matrix representations 

« = f o') ' ^ = (°' ^^-) ' ^" = (t /- 

where / : A^* -^ L*^"^ is a morphism satisfying 

fod^ = -d^of. 

f induces a morphism of the extended cohomology /^= : Ti.*{N) — > ?i*^^(L). The long 
exact sequence of cohomology corresponding to (|8.H) has the form 

... _A_^ n'{L) -^^ W{M) -^ W{N) -^ W+\L) -^^^ ••• (8.2) 

Using this exact sequence one defines a natural isomorphism 

6:detn{L)^ detn{N) ^^ detn{M). (8.3) 

Let ki and Cj denote the kernel and cokernel of the morphism /^, : W^^{N) — > W{L), 
correspondingly. Lemma 15.51 gives a natural isomorphism 

det7^*(L) ® {det W^{N)y ^ detQ (g) (detki)*. (8.4) 

The isomorphism of Proposition 13.71 applied to the exact sequence 

^ Q ^ n\M) ^ k,+i ^ 

gives a natural isomorphism 

det Ci (g) det ki+i ^ det 7i\M). (8.5) 



Formally Proposition I3.7l deals with objects of the initial category C. However a similar statement with 
M, M', M" G Oh{£{C)) is true as follows from Lemma 1^ 
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The alternating product of isomorphisms (|8.4|) and (|8.5j) produce the isomorphisms 

det n{L) (g) det n{N) ^ det c (det k)* -^ det n{M) 

and their composition is denoted by 6, see ()8.3p . 

The following statement is the main result of this section. 

Theorem 8.2. Under the above conditions one has 

6 o {uL <S) i^n) o 4' = i^M ■■ det M -^ det n{M), (8.6) 

where vl, vm, o-nd v^ are the canonical isomorphisms of the determinant lines defined in 
Proposition ]?.^ and tp is the isomorphism of Proposition [X7| 

Proof. This statement is similar to Theorem 3.2 of Milnor j^H] stating that the torsion of 
an extension equals the product of the individual torsions times the torsion of the exact 
homological sequence. The full proof of Theorem 18.61 is quite long and technical; therefore 
we have decided to publish it elsewhere. In the sequel this theorem is used only once (in 
the proof of Theorem 113. 5|) and only in a special case when at least one of the complexes 
L,N,M is acyclic. In this special case Theorem 18.21 admits a simpler proof which is still 
quite involved. We postpone it to a further publication. D 

8.3. The relationship between the torsions. We keep the notations introduced above. 
Fix C-admissible scalar products on L and A^. They determine a C-admissible scalar product 
on Af . Although this scalar product on M is not unique, its class in det Mdepends only on 
the classes in det L and det N represented by the given scalar products on L and on N. Let 
PL £ det7^*(L), pm S det7^*(M), and pN € det7-^*(iV) be the torsions of the complexes 
(L,5^), {M,d^) and {N,d^) respectively, cf. Definition 1731 Let aL G detL, cjm G detM, 
and (7iv G det A^ be the elements induced by the scalar products, cf. Subsection 17.41 By 
definition, ^^^/^((Tm) = ctl <8> o'n- Hence we obain: 

Theorem 8.4. 6{pL ® Pn) = Pm- 

8.5. Torsion of the cone complex. The above results can be reformulated in terms of 
the cone complex. Suppose (C, d) and (C, d) are chain complexes in C. Let / : C — > C be 
a chain morphism. Consider the cone of /, i.e., the chain complex Cone(/): 

^ CO e -^i-^ ci e c^ -^ • • • -^^ c^-^ e c^ -^^^ o e C" ^ o, (8-7) 

where 

A = (-^' -' 
\fi-i di-i 

Fix C-admissible scalar products on C and C. They induce a C-admissible scalar product 
on Cone(/) in an obvious way. Let pc G det?^(C), pjj G det7l!(C) and pf G det7^(Cone(/)) 
be the torsions of the complexes (C, d), (C, d) and Cone(/) respectively, defined using these 
scalar products, cf. Definition 17.51 

From Theorem 18.41 we obtain: 
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Corollary 8.6. Using the notation introduced above we have 

Pf = ^fipc^iPcT), (8.9) 

where (/Og)* G (det(7i(C)))* denotes the dual of p^. 

This statement is equivalent to Theorem 18.41 The dual (Pfj)* of the torsion appears 
because of the grading shift. 

9. Determinant class condition for chain complexes 

In this section we recall the determinant class condition for chain complexes in Hilbertian 
categories. Historically, this condition appeared as a necessary requirement for the L^- 
torsion to be well defined. We show that the determinant class condition for a chain complex 
C is equivalent to the r-triviality of the torsion parts of the extended L^-cohomology 7i{C). 
As we have shown in fJHl the r-triviality implies that the determinant lines of the torsion 
parts of the extended cohomology could be canonically trivialized. Hence in this case the 
determinant line det 'H(C) can be canonically identified with the determinant line det H{C) 
where H{C) is the reduced L^-cohomology of C . This explains why under the determinant 
class condition for a chain complex C the torsion is well defined as an element of det(-?/(C)), 
as was proven in [H]. 

Definition 9.1. Let C he a Hilbertian von Neumann category supplied with a non-negative, 
normal, and faithful trace r. A chain complex 

(C,5) : ^ CO -^i-^ C^ -^^ ... ^^^^ C" ^ (9.1) 

in C is said to be of t- determinant class if the induced maps 

dj : C^-^/kei{dj) -^ c\(im{dj)) (9.2) 

are t -isomorphisms for all j = 0, . . . , n. 

Compare [^ and [SJ- 

Recall that the extended cohomology 7i*{C) of the complex (|9.1|) is defined by formula 
1)7. 4(1 and the reduced cohomology is defined by formula (|7.5|) . 

Lemma 9.2. A chain complex C as above is of r-determinant class if and only iff the 
torsion parts T{'H^{C)) of the extended cohomology are t -trivial for all i. 

Proof. The torsion part T{W{C)) equals {dj : C.'^^/ker(9j) — > cl(im(9j))), see il2j. Hence 
the result follows by comparing Definition 19. II and Definition 16.21 

D 

Corollary 9.3. Given a chain complex (|9.1j) of determinant class, there is a canonical 
orientation preserving isomorphism between the determinant lines of the extended and the 
reduced cohomology of (C, d): 

detW{C) ^^ detW{C,d), j = 0,...,n. 
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Proof. Recall from ..12. that the reduced cohoniology is naturally isomorphic to the projec- 
tive part of the extended cohomology. Hence, in using H4.5|) and H5.4() . we see that 

det n\C) ~ det W{C) det T{n\C)) ~ det H\C) 

assuming that C is of r-determinant class. On the last stage we have applied Lemma 19.21 
and Lemma 16.31 using the fact that the determinant line detT('H*(C)) of the torsion part 
is canonically trivialized. D 

From Propositions 17.21 and 19.3) we obtain the following: 

Corollary 9.4. Given a chain complex 1)9. 1|) of determinant class, there is a canonical 
orientation preserving isomorphism 

4>c: detC ^^ det H*{C,d). 

9.5. The torsion of a determinant class complex. Using Corollarv l9.3l we can view the 
torsion pc of a determinant class complex (C, d) as a positive element of the determinant 
line det(H*{C, d)) of the reduced cohomology. In this case our notion of torsion essentially 
reduces to the one considered in W- More precisely, if the complex (C, d) is of determinant 
class, then the element 

fT*®^C7(pc) e (detC7)*0det(/7*(C,5)) 

coincides with the torsion defined in [Hj. 

10. Combinatorial L^-torsion without the determinant class condition 

In this section we suggest a generalization of the classical construction of the combi- 
natorial torsion of Reidemeister, Franz and de Rham to the case of infinite dimensional 
representations. Our torsion represents a nonzero element of the determinant line of the 
extended L^ cohomology. Intuitively, the torsion is a density supported on the extended L^ 
cohomology of the polyhedron. 

In more detail, given a finite polyhedron K and a unimodular representation of its fun- 
damental group on a Hilbertian module M, the torsion invariant defined in this section 
is a positive element of the determinant line det 'H*{K;M). Here 7i*{K,M) denotes the 
extended L^-homology of K with coefficients in M, as defined originally in 0!^!, §6.5. The 
definition of TC*{K; M) is briefly repeated below. 

The main advantage of the construction suggested here is that it requires no additional as- 
sumptions. In particular, unlike the work of the previous authors studying the construction 
of L^ torsion, we do not require our complexes be of determinant class. 

We show that under the determinant class assumption the torsion defined in this section 
coincides with the torsion defined in our previous work 6 where the torsion was understood 
as an element of the determinant line of the reduced L? cohomology. 
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10.1. Hilbertian bimodule. Let K he a finite cell complex. Denote by vr = iti{K) its 
fundamental group and by C^{K) the cellular chain complex of the universal covering K 
of K. The group vr acts on C*(-fC) from the left and C*(-R') becomes a chain complex of 
free finitely generated Z[7r]-modules with lifts of the cells of K representing a free basis of 
C^{k) over Z[7r]. 

Let M be a Hilbert space on which a von Neumann algebra A of bounded linear operators 
acts from the right. As in ^2.5.21 we will denote by B{M) = B_a{M) the commutant of M; 
recall that B_a{M) is the ring of all bounded linear maps M ^> M commuting with the right 
^-action. 

We shall assume that the algebra A is supplied with a finite, normal and faithful trace r. 

Consider a linear representation of the group vr in M. It is a group homomorphism 
vr -^ B{M) = Bj^{M). We think of vr as acting linearly on M from the left (via the 
representation vr -^ B{M)); thus M obtains an (vr — ^)-bimodule structure. In this situation 
we say that M is an Hilbertian (vr — A) -bimodule. 

A Hilbertian (vr — ^)-bimodule M is called unimodular if for every element 5 G vr the 
Fuglede-Kadison determinant T)etr{g) equals 1 where g is viewed as an invertible linear 
operator M ^ M given by the right multiplication by g. 

10.2. Flat Hilbertian bundle. Any Hilbertian (vr — ^)-bimodule M determines a flat 
Hilbertian bundle over K with fiber M. Consider the Borel construction £ = K x^^ M 
together with the obvious projection map £ ^> K; it has a canonical structure of a flat 
^-Hilbertian bundle. Equivalently, it can be viewed as a locally free sheaf of Hilbertian 
^-modules. 

10.3. Examples. As the first example, consider the well-known situation when A = A/'(vr) 
is the von Neumann algebra of vr and M = ^^(vr) is the completion of the group algebra of 
vr with respect to the canonical trace on it. Here A acts on M = ^'^(vr) from the right and 
the group vr acts on M from the left. This (vr — ^)-bimodule M = ^^(vr) is unitary and 
hence it is unimodular, as well. 

As a more general example consider the following. Let y be a finite dimensional uni- 
modular representation of vr. Let M = V (Sic ^'^i'^)- Here the right action of ^ = A/'(vr) 
on M is the same as the action on ^^(vr) and the left action of vr is the diagonal action: 
g{x ® v) = gx (^ gv for x G ^^(vr), v ^V , and 5 G vr. 

10.4. Construction of the torsion. Let M be a (vr — ^)-bimodule. Let 

C*{K;M) = Rom^[^]{C,{K),M). (10.1) 

It is a cochain complex of Hilbertian spaces (having right ^-action) and the differentials 
are bounded linear maps commuting with the ^-action. More precisely we may view com- 
plex ()10.1|) as a cochain complex in the von Neumann category C = 7i_A of Hilbertian 
representations of A, see ^2.5.21 
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The cohomology H*{K; M) of p().l|) is an object of the extended abehan category £{C). 
It is called the extended cohomology of K with coefficients in M. It was introduced originally 

in [m, m- 

By Proposition 17.21 we obtain a natural isomorphism 

^C*{K;M) ■ det C*{K;M) -^-^ detn*{K;M). (10.2) 

Assume that the (tt — ^)-bimodule M is unimodular. Then there is natural isomorphism 

ifjK ■■ (detM)xW -^^ det C*(K;M), (10.3) 

defined as follows. For any cell e C -fC fix a lifting e of e in the universal covering. Then the 
cells e form a free Z[7r]-basis of the complex C^:{K) and therefore induce an isomorphism 

C*{K-M) -^-^ eeexM (10.4) 

between C*{K;M) and the direct sum of copies of M, one for each cell of K. Thus, the 
determinant line det C*(i^;M) can be identified with (detM)'^^^ since the cells of odd 
dimension contribute negative factors of det M into the total determinant line. 

We only have to show that the above identification does not depend on the choice of the 
liftings e. For any cell e <Z K choose a group element ge G vr. Then the cells gee form 
another set of liftings. Consider the map ©M -^ ®M which is given by the diagonal matrix 
with ge. on the diagonal. The Fuglede-Kadison determinant of this map equals 1 (since the 
representation M is unimodular). Hence we see that the isomorphism (|l().3j) is canonical. 

Definition 10.5. Fix a positive element a G detM. It defines an element a = a^^ ' G 
(detM)"^' ^ The combinatorial L^ torsion is defined by the formula 

PK := (t>c*{K,M){^K{a)) G detW*(K;M). (10.5) 

In other words, the combinatorial L^ torsion can be defined as follows: let ( , ) be an 
C = 7^_4-admissible scalar product on M which represents u, cf. Subsection 13.11 For each 
cell e G X fix a lifting e € K. Then ( , ) induces an admissible scalar product on C*{K; M) 
via the isomorphism ()10.4|) . The combinatorial torsion is the torsion of the cochain complex 
C*{K;M) associated to this scalar product, cf. Definition 17.51 

Remark 10.6. 1. In the case when x{K) = the torsion px is clearly independent of the 
choice of a. This is always the case if ii' is a closed manifold of odd dimension. 

2. If ^ = C we arrive at the classical definitions, cf. [23 HZl UHl 123 121 • 

In the case when the cochain complex C*{K, M) is of determinant class. Definition 110.51 
reduces to the case considered in 0, cf. Subsection 19.51 If, in addition, the reduced L^- 
homology H*{K,M) vanishes, we can identify the determinant line det H*{K,M) with M 
and so pK is just a number. Under this assumption it was studied in [71 1^0^ . 

3. Although our notation px for the torsion invariant does not involve explicitly the trace 
T : A ^ C, the whole construction (including the Fuglede-Kadison determinants and the 
determinant lines) certainly depend on the choice of the trace r, cf. Remark 4.5.3 of ^. 
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Recall that the classical Reidemeister- Franz torsion is not, in general, a homotopy invari- 
ant, so one cannot expect homotopy invariance from our torsion invariant. But combinato- 
rial invariance holds in the following sense 

Theorem 10.7 (Combinatorial Invariance). Let K he a finite polyhedron and let K' he 
its subdivision. Suppose that M is a Hilhertian unimodular (vr — A)-himodule. Let 

xP: n*{K';M) -^ n*{K;M) (10.6) 

he the isomorphism induced on the extended L^ cohomology by the subdivision chain map. 
Then the push-forward map 

^^: detn*{K';M) -^ detn*{K;M) (10.7) 

preserves the torsions, i.e. it maps px' onto px- 

Proof. It is enough to consider the elementary subdivision when a single g-dimensional cell 
e is divided into two g-dimensional cells e+ and e_ introducing an additional separating 
{q — l)-dimensional cell cq; compare [^, proof of Theorem 4.6. 
We have the exact sequence of free left Z[7r] -chain complexes 

^ C,{K) -^ C,{K') ^D^^O (10.8) 

where the chain complex D* has nontrivial chains only in dimension q and q — 1 and 
Dq and -D^-i are both free of rank one. The free generator of the module Dq can be 
labelled with e+ and the generator of Dg^i can be labelled with the cell cq and then the 
boundary homomorphism is given by 9(e+) = cq- The exact sequence (|10.8|) induces the 
exact sequence 

^Hom2;[^] (i:',;M) > C*{K';M) -^^ C*{K;M)^0. (10.9) 

Fix an admissible scalar product ( , ) on M. Using the cell structures of K and K', we 
then obtain canonically the scalar products on the complexes Hom2r^i(D^,,M), C*{K;M), 
C*{K';M). The chain complex i{om.^^^{D^,M*) is acyclic and so the canonical isomor- 
phism ()7.6() identifies the determinant line of D* with M. The torsion of this complex equals 
1. Theorem 110.71 now follows from Corollarv 18.61 D 

11. Extended cohomology of an elliptic complex 

Throughout this section A denotes a finite von Neumann algebra with a fixed finite, 
normal, and faithful trace r. 

11.1. Hilhertian ^-Bundles. Let X be a closed manifold. A smooth bundle p : £ ^ X 
of topological vector spaces (cf. Chapter 3 of jT^]) is called a bundle of finitely generated 
Hilhertian ^-modules or, simply, a Hilhertian >l-bundle if 

(i) £ is equipped with a smooth fiberwise action p : £ x A ^ £ so that with this action 
each fiber p~^{x) is a finitely generated Hilhertian ^-module, cf. Subsection 12.5.21 
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(ii) there exist a finitely generated Hilbertian ^-module M such that p : 8 ^ X 
is locally isomorphic to the trivial bundle p^ : X x M ^ X so that the local 
isomorphism intertwines p, po and the ^-action. 
Given a Hilbertian ^-bundle £ over X we denote by C^{X,£) the space of smooth 
sections of £. 

11.2. Example: Flat Hilbertian ^-Bundles. Let M be a finitely generated Hilbertian 
(vr — ^)-bimodule, cf. Subsection 110. 11 Let X be a connected, closed, smooth manifold 
with fundamental group vr and let X denote the universal covering of X. A flat Hilbertian 
^-bundle with fiber M over X is an associated bundle p : £ ^ X, where £ = (M x X)/ ~ 
with its natural projection onto X. Here {m, x) ~ (gm, gx) for all g € vr, x G X and m G M. 
Then p : £" — > X is a a bundle of finitely generated Hilbertian ^-modules. 

11.3. Elliptic complex of Hilbertian ^-modules. Let £Q,...,£n be Hilbertian A- 
modules over a closed manifold X. Consider a complex 

-^ C°°(X,^o) -^^ C°°{X,£i) -^^ ••• -^^ C^{X,£n) -^ 0, (11-1) 

where 

dj:C°°{X,£,^i) ^ C^{X,£,), i = l,...,n, (11.2) 

are first order differential operators such that dj+i o dj = 0. 

The complex ()11.1() induces in a standard way the symbol complex over the cotangent 
bundle T*X of X. The complex (jll.l|) is called elliptic if the symbol complex is exact 
outside of the zero section. 

The complex (jll.lj) is not a complex of Hilbertian spaces. Therefore, we can not directly 
define the the extended cohomology of this complex. However, following U3]) we introduce 
in Subsection 111.81 the Sobolev completion of (|11.1|) . We show that if the complex pi. 1)1 
is elliptic then the obtained extended cohomology does not depend on the choice of the 
Sobolev parameter s. 

11 A. Example: de Rham complex. Given a flat Hilbertian ^-bundle £" — > X over a 
closed connected manifold X one may consider the space of smooth differential j-forms 
on X with values in £"; this space will be denoted by ^^{X,£). It is naturally defined as 
a right ^-module. An element of Q,^ (X, £) can be uniquely represented as a vr-invariant 
differential form on X with values in M, i.e. as a vr-invariant element of M ®cVL^{X). Here 
one considers the total (diagonal) vr action, that is, the tensor product of the actions of vr 
on ^^{X) and on M. More precisely, if w S Q.^{X) and m ^ M, then m® to is said to be 
vr-invariant if gm g*uj = m® uj for all g € it. 

A flat >l-linear connection on a flat Hilbertian ^-bundle £ is defined as an ^-homomor- 
phism 

v = Vj+i: n^{x,£) -^ n^+\x,£) 

such that 

V(/w) = df Auj + fV{Lo) and V^ = 
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for any A valued smooth function / on X and for any uj € 0,^{X,£). On a flat Hilbertian 
^-bundle £, as defined in Subsection 111.21 there is a canonical flat ^-linear connection 
V which is given as follows: under the identification of 0,^{X,£) given in the previous 
paragraph, one defines the connection V to be the de Rham exterior derivative. If V is a 
flat connection on £ then the de Rham complex 

-^ n'^{x,£) -^i-^ n\x,£) -^^ ••• -^^ n''{x,£) -^ o 

is an elliptic complex. 

11.5. The Laplacian. A Hermitian metric h on a flat Hilbertian ^-bundle p : £ ^ X is a 
smooth family of admissible scalar products on the fibers. Let us fix a smooth measure ^i 
on X. Then any Hermitian metric on p : £" — > X defines the L^ scalar product 



{si,S2) := / h{si{x),S2ix))d^{x), si,S2eC7~(X,£-), (11.3) 

Jx 

on C°°{X,£). We denote by L'^{X,£) the completion of the space C°°(X, £") with respect 
to the scalar product (|ll..Sj) . 

Suppose we are given an elliptic complex ()11.1|) of Hilbertian ^-modules. Assume further 
that each bundle £j, j = 0, . . . ,n is endowed with a Hermitian metric hj. 

The Laplacian Aj is defined to be 

Aj = dj^id*_^ + d*dj: L'^{X,£j) — > L'^{X,£j), 

where d* denotes the formal adjoint of dj with respect to the L^ scalar product on L'^{X, £j). 
Note that, by definition, the Laplacian is a formally self-adjoint operator which is densely 
defined. Since it is elliptic it is also essentially self-adjoint. We denote by Aj the self adjoint 
extension of the Laplacian. 

11.6. Spectral cut-off of an elliptic complex. For every T C M we denote by 

lUx,£j) C L^{X,£j) 

the image of the spectral projection Pj : L'^{X,£j) — > L'^{X,£j) of Aj corresponding to I. 
The following theorem was proven by M. Shubin |32| Th. 5.1] . 

Theorem 11.7. Fixe > 0. Then 

(i) L?Q ,{X,£j) C C°°{X,£j), i.e., L'}qAX,£j) consists of smooth forms. 
(ii) The Hilbertian A-module L?q AX,£j) is finitely generated, i.e., belongs to the cat- 
egory Hj^, cf Subsection \2.5.^ 



In |32| the theorem is stated for the de Rham complex of a flat Hilbertian ^-bundle. But the proof 
given there is valid for a general elliptic complex. 
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11.8. The Sobolev complex. Let W^{X, £j) denote the completion of the space of smooth 
sections in the topology defined by the inner product 

{ui,oj2)s = {{I + ^jyoJi,oj2), u;i,u;2GC7~(X,£-,). (11.4) 

Fix s > n and consider the fohowing Sobolev complex 

-^ W'(X,£o) -^^ W-'-^iX,£i) -^^ ••• , , 

_^^ W'-''{X,£n) -^ 0. 



This is a complex of Hilbertian ^-modules. Denote by 7^*(£'*) the extended cohomology of 
this complex. 
Let 

Aj- , : W'-HX, £j) ^ W'-^{X, £j), j = 0, . . . , n, 

denote the Laplacian of the complex ()11.5|) , defined as in H11.4() but using the scalar products 
(fmi) . Clearly, 

Aj-, = {I + Aj)-^Aj. (11.6) 

Let W^Q~g,{X, £j) denote the image of the spectral projection of Aj^g corresponding to the 
interval [0,6] C M. From (|11.6j) we conclude 

Ll^4X,£,) = W^-^^{X,£j), where e = 6{l + 6). (11.7) 

11.9. Extended cohomology of an elliptic complex. Fix 6 > and set e = 6{1 + 6). 
By Theorem 111.71 the subcomplex 

^ Ll^4X,£o) -^^ Lle]iX,£l) -^^ ^ 4,e](^'^n) - (11.8) 

of Hll.l() is a complex of finitely generated Hilbertian modules. 
By (|11.7j) . the inclusion 

Ll,e]i^^£3) = %7)]iX,£,) -- W'^-^{X,£,) (11.9) 

induces an isomorphism of the extended cohomology of the complexes (|11.8|) and (jlLSf) . 
Thus: the cohomology of complexes l\ll.,5\) and ill.!^) depends neither on the choice of 
e > nor on the choice of the Sobolev parameter s. We denote this cohomology by TC* {£>>:) 
and refer to it as the extended cohomology of the elliptic complex (jlLlf) . Since TC*{£^) is 
isomorphic to the extended cohomology of the finitely generated complex (|11.8|) . it is an 
object of the category £{H^). 



11.10. Extended de Rham cohomology. Suppose that the elliptic complex (|11.1|) is the 
de Rham complex of a flat Hilbertian yl-bundle £ with fiber M. Fix a Hermitian metric h 
on £ and a Riemannian metric g on X. These data define an L^-scalar product on Q^{X, £) 
in a standard way. 

We denote the extended cohomology of this complex by 7i* {X, £) and refer to it as the 
extended de Rham cohomology of X with coefficients in £. 



L^-TORSION AND EXTENDED L^-COHOMOLOGY 33 

Let W^{il^{X, £)), (j = 0, . . . , n) denote the completion of the space Q^{X, £) of smooth 
forms with respect to the Sobolev scalar product H11.4|) . Then the complex ()11.5|) has the 
form 

- W^{n^{X,£)) -^-. w^-\n\x,£)) -^-. ... ^^^^^^ 



Let -fC be a triangulation of X. Consider the cochain complex C*{K;M), cf. UlU.lj) . 
If s > 3n/2 + 1, then the complex (JILIUI) consists of continuous forms and the de Rham 
integration map 

6: W'-*{n*{X,£)) — > C*{K;M) 

is defined. By the de Rham theorem for extended L^-cohomology, cf. ^1 §7], [22]) this 
map is a homotopy equivalence. In particular, it induces an isomorphism of the extended 
cohomology 

9^:n*{X;£) ^^ n*{K;M). (11.11) 

12. Analytic L^-torsion without the determinant class condition 

We continue to use the notation introduced in the previous section. In particular, A 
denotes a finite von Neumann algebra with a fixed finite, normal, and faithful trace r. 

12.1. Torsion of the complex L|j ^j (X, f* ) . The L^-scalar product (nTTni on C'^{X,£^) 
induces an admissible scalar product on the complex (L?^ ^]{X, f^,), d*) of finitely generated 
Hilbertian ^-modules. We denote by 

P[0,,] := cPia) G detn*{£,). (12.1) 

its torsion as defined in Definition 17.51 

12.2. Torsion of the complex L? .{X,£^). The complex (L? ^JX,£^),d^:) is acyclic 
and one would like to define its torsion using the formula 1)7. 1U() . However, since there is no 
trace on the category 'H_4 we need to use the C- function regularization of the determinant. 

Let us recall the basic facts about the C-function of an elliptic operator on a Hilbertian 
^-bundle, cf. [3]. We will use the well known fact that for each e > the heat operators 



^^Il2 ,(X,£,) . „ 



, n, 



have smooth Schwartz kernels which are smooth sections of a bundle over X x X with fiber 
the commutant of M, cf. [5l ll8ll2l] . The symbol Tr,- denotes application of the canonical 
trace on the commutant (cf. Subsection 12. 8|) to the restriction of the kernels to the diagonal 
followed by integration over the manifold X. The trace Tr^ vanishes on commutators of 
smoothing operators. See also |25| 1201 I18j for the case of the de Rham complex of a flat 
bundle defined by the regular representation of the fundamental group. 
It is shown in O §2.4] that the integral 

CU(^) = f(^ X * Tr.(e ^^.-)'^'^^Vt, (12.2) 
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converges for Ks < — diiD.X/2. Moreover, the function (■! Js) is analytic in s for 3?s < 
— diniX/2 and has a meromorphic extension to the whole complex plane which is regular 
at s = 0. 
Set 

logDetA,|^.^^^(^,,^,) = A|,=oC?,,oo)(«)- (12.3) 

Lemma 12.3. For every ei > 82 > we have 

DetAj|i2 (x,£A = DetAj|i2 (j^ c) • Det^ Aj|i2 fx.e,), (12.4) 

(£2'^^) (-1'^^) {^2'^lJ 

where DetT-Aj|2,2 (x,£ ) ^-^ ^^^^ Fuglede- Kadis on determinant of the automorphism Aj 0/ 



i/ie finitely generated A-module Li , (X, S. 



Proof. This easily follows from the definitions using formula H7.1U() . D 

We now define the torsion P(e^oo) using H7.1U() and 1)12. 3() . i.e., we set 

log%,oo) := lEi-^yj^Js=oCl,^^{s). (12.5) 

From Lemma I12. 31 we obtain: 
Lemma 12.4. The product 

P[0,e] ■ P{e,oo) e defH*(£'*) 

is independent of e > 0. 

Lemma 1X2.41 allows us to give the following definition. 

Definition 12.5. The analytic L^ torsion of the complex {C°° {X , S^:) , d^) is defined by the 
formula 

Pe ■= P[o,e\- P{e,oo) e defH* (£:*). (12.6) 

The L'^ -torsion of the de Rham complex of a flat Hilbertian A-bundle £, is called the analytic 
L"^ -torsion of bundle £. 

Note that, in general, the torsion pg depends on the choices of the hermitian metrics on 
8i and the measure on X. We shall show below in Section ^J that the de Rham torsion is 
independent of these choices if dimX is odd and the bundle £ is unimodular. 

13. The Cheeger-Muller type theorem 

In this section we recall the definition of the relative torsion of a flat unimodular Hilber- 
tian ^-bundle over a compact Riemannian manifold, see jSI, [HI. We show that the relative 
torsion equals to an appropriately defined ratio of the de Rham and combinatorial torsions. 
Burghelea, Friedlander and Kappeler [3] proved that the relative torsion equals one for odd 
dimensional manifolds. Using this result we prove here that for odd dimensional mani- 
folds the analytic L^ torsion coincides with the combinatorial L^ torsion, where both these 
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torsions are viewed as elements of the determinant line of the extended Lp' cohomology. 
Previously this result was proven in [3] under an additional assumption that the Hilbertian 
bundle is of determinant class. 

13.1. The setting. Let X be a closed smooth manifold of dimension dimX = n with 
fundamental group vr = 7ri(X). Let ^ be a finite von Neumann algebra and let M be a 
finitely generated unimodular Hilbertian (vr— ^)-bimodule, cf. Subsection llU.il Let 8 be the 
flat Hilbertian ^-bundle with fiber M over X, cf. Subsection lll.2[ Fix a Hermitian metric 
h on 8 (cf. Subsection 111. 5() and a Riemannian metric g on X. Let pg S (iet7i*{X;8) be 
the analytic L^-torsion, cf. Definition 112.51 

Fix a cell decomposition K oi X and a positive element of detM. Let pk,m £ 
det7l!*(-fC; M) denote the combinatorial L^-torsion, cf. Definition IIU. 51 

13.2. The relative torsion. Fix a Sobolev index s > n/2 + 1. Then the Sobolev space 
W^{0,*{X,8)) (cf. Subsection 111.1(1]) consists of continuous forms and the de Rham inte- 
gration map 

9: W'{n*{X,8)) — > C*{K-M) 
is defined. Consider the following sequence of chain maps: 

{9.*{X,8),V) ^^tX^^' {W%n*{X,8),V) ^ {C*iK;M),d). 
The composition of these maps is denoted by g{s, K). We form the cone complex: 

Cone(g(s,K)) = C*{K,M)®n*-^{X,8) 
with differential 

A = A(^,K) = { t~Zl / ), (13.1) 

where d is the coboundary map of the complex C*{K] M). It follows (as in |S1 §4], see also 
[21 §2]) that the cone complex is acyclic. Hence the torsion of the cone complex is simply a 
positive real number, which is defined as follows. 
Set 

A, := D,^^D*_^ + D*D,. 

As in Subsection ll2.21 we can define the trace Tr,- of the heat kernel e~^ ^ and the ("-function 

UM) = FTT / i'^"'Tr.(e-*^Orft- 

r(c^) Jo 

It is shown in |S1 §6] (cf. also §2]) that this function is defined and analytic for "Ra > n/2 
and has a meromorphic continuation to the whole complex plane which is regular at a = 0. 

Definition 13.3. The relative torsion TZ = Pcone(g(s,K)) ^^ defined by the formula 



sK = iE(-iWCi,(0). 
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13.4. Relations between the de Rham, the combinatorial, and the relative tor- 
sions. The de Rham integration map ()11.11|) induces an isomorphism 

9^: detn*{X,E) ^^ detn*{K;M). (13.2) 

We denote by 

9: detn*iX,E) (g) (det7^*(i^; M))* ^^ M, (13.3) 

the isomorphism induced by 0^,. 
Let 

p*K,M € (det7^*(i^;M))* 
be the dual of the combinatorial torsion pk,m- It is the unique element of (det7^*(i^; M))* 
such that {p*x M-> Pk,m) ~ ■*-' ^^^^ (> ) denotes the pairing between (det7^*(i^; M))* and 
det7i*{K;M). 

Theorem 13.5. One has 

n = 9{pe®p*K,M)- (13.4) 

Proof. Let L'^Q,^{X,£) denote the space of square integrable differential forms on X with 
values in £. For every Z C R we denote by Qj{X, £) the intersection of the image of the 
spectral projection P^ : L^i7*(X, £") -^ L'^VL^{X,£) of the Laplacian Aj = Vj_iV*_i + 
V*Vj corresponding to I with the space of smooth forms. By Theorem 111.71 the image 
of the spectral projection corresponding to [0, e] consists of smooth forms. It follows that 
ni{X, £) = Q{o ^](X, £) e nl ^^{X, £) for every e > 0. 
Set 

gxis,K)j := g{s,K)j\^^^^^^y 

Then, for every e > 0, we obtain an exact sequence of acyclic complexes 

^ Cone(5[o,.](s,i^)) -^ Cone{g{s,K)) -^-^ ni^^^^{X,£) ^ 0, 

where j is the natural inclusion and vr is the natural projection. The Carey-Mathai- 
Mishchenko lemma, cf. |H1) |S1 Lemma 1.14], implies that 

T^ = PCone(9{s,K)) = Pn*^^^^{X,£) ' PCone{gio,4s,K))- (13.5) 

From Corollarv 18.61 we conclude that 

Combining (HHSl), (P3|) and (PIH) we obtain (fT^ni) . D 

Remark 13.6. In the case when the extended cohomology 7i{X,£) ~ 7i{K,M) is trivial 
and, hence, the torsions ps and pk,m are just real numbers, the right hand side of 1)13.4(1 is 
the ration of these numbers and we obtain 

T^ = Ps/PK,M- 
From Theorem 113.51 it follows that the relative torsion is independent of the Sobolev 
parameter s (this was originally proven in |Sj). Also, from ()13.4(1 and from the invariance of 
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the combinatorial torsion under subdivisions we conclude that the relative torsion is inde- 
pendent of the cell decomposition K of X; this result is called the combinatorial invariance 
of the relative torsion and was first proven in [S] . 

13.7. The odd dimensional case and the Cheeger-Miiller type theorem. Let us 

consider the case when the dimension n of X is odd. The Euler characteristic of K vanishes 
x{K) = and therefore the combinatorial torsion pk,m is independent of the choice of 
the volume form on M, cf. Remark IIU. 61 1. Assume that the Hermitian metric /i on £" is 
unimodular. The main result of [3^ (cf. Th. 0.1 in [3]) states that, in this situation the 
relative torsion equals one, i.e. 7^ = 1. Combined with Theorem 113.51 this result implies 
the following extension of the Cheeger-Miiller theorem 

Theorem 13.8. Suppose that the dimension of X is odd and that the Hermitian metric h on 
£ is unimodular. Then the isomorphism, (|13.2|) identifies the analytic and the combinatorial 
torsions 

9*{pe) = PK,M- (13-7) 

In particular, the analytic L? torsion p£ does not depend on the choice of the Riemannian 
metric on X and the unimodular Hermitian metric on £. 

Theorem 0.1 of |3| calculates the relative torsion in the general case without assuming 
that the dimension of X is odd and that the Hermitian metric on £ is unimodular. In this 
case log IZ is represented as an integral over X of some explicitly calculated locally defined 
differential form (this form was originally found by Bismut and Zhang, [2j, who considered 
the case of finite dimensional bundle £). We refer the reader to jHj for details. 

The fact that the relative torsion (and, hence, the analytic torsion) is independent of the 
metrics is much easier to prove than the equality TZ = \. Moreover, this fact is used in the 
proof of this equality, cf. |3j . The independence of the metrics is proven in section 4 of |3] . 
Again, the result of P] is more general and calculates explicitly the dependence of TZ on the 
metrics in the case when the dimension of X is even (so called, anomaly formula). Using 
this result and Theorem 113.51 one can easily obtain a similar formula for the dependence of 
the analytic torsion on the metrics. We leave the details for an interested reader. 
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